We investigate the solution of Maxwell's equations in curved spacetime within the framework of Modified Gravity (MOG). We show that besides the null-geodesic treatment of photons in MOG, using Maxwell's equations and covariant coupling with the extra vector sector of gravitation in MOG, we can extract the equation for the propagation of light. We obtain Fermat's potential and calculate the deflection angle of light during lensing from a point-like star. Our results show that the deflection angle obtained from the solution of the wave equation in MOG for the large scale structures with larger impact parameter of light rays is proportional to that of General Relativity (GR). For solar mass stars the deflection angle agrees with the prediction of GR. However, for the compact structures like the supermassive black hole Sagittarius A* at the centre of the Milky Way, the prediction for the deflection angle is larger than GR, which can be tested in future observations.
INTRODUCTION
The observations of the dynamics of galaxies and clusters of galaxies reveal that the majority of the mass of these structures, both in the framework of Newtonian gravity and General Relativity (GR), is claimed to be made of dark matter. The standard candidate for a dark matter particle is the Weakly Interactive Massive Particle (WIMP). The results of many experiments to detect WIMPs have failed to show evidence for the existence of dark matter particles (Baudis 2018 ).
An alternative explanation of the dynamics of large-scale galaxy and galaxy cluster structures is replacing the dark matter with a modified gravity theory. The covariant theory of modified gravity (MOG) possesses a metric gµν and a vector field φµ, which are responsible for generating the gravitational field (Moffat 2006) . In addition to the massless spin 2 graviton, the vector field φµ is a massive spin 1 graviton field, which couples gravitationally to the current density of matter, and for a test particle results in a modified equation of motion. The extra term on the right-hand side of the equation of motion is a Lorentz-type gravitational force with a gravitational charge proportional to the mass of the test particle. The particles are in free fall satisfying the equivalence principle, but deviate from geodesic motion. In the weak gravitational field and slow motion of particles approximation, the field equations and the equation of of motion lead to a modified acceleration law.
It has been shown that MOG is consistent with the dynamics of galaxies and clusters of galaxies ( The theory can explain the gravitational lensing of galaxies and clusters of galaxies without the need for dark matter (Moffat & Toth 2009; . Moreover, MOG is consistent with the experimental result obtained from the neutron star merger event GW170617 that gravitational waves move with the speed of light ( Green et al. 2018) . In this work, we derive the gravitational lensing in MOG from the propagation of electromagnetic radiation within the background of a point mass star. The calculation is based on the coupling of the electromagnetic radiation field to the massive gravitational vector field φµ.
The paper is organized as follows: In Section (2), we introduce the action and we discuss how the classical electromagnetic field can couple to the vector sector of MOG. We investigate in Section (3), the propagation of the electromagnetic radiation in MOG and calculate the deflection angle due to single lensing and compare it to the null-geodesic equation in MOG. We end with conclusions in Section (4).
INTRODUCTION TO MOG
The action in MOG is given by (Moffat 2006) 1 and we choose units with c = 1:
where
and
Here, the Faraday tensor of the vector field φµ is defined by
2 The mass of the vector field φµ is denoted by µ, and J µ is the matter current density coupled to φµ. For a perfect fluid we have
where κ = √ αGN , u µ = dx µ /ds and GN is Newton's gravitational constant. The gravitational charge that sources φµ is
where α is a dimensionless constant. We define the constant gravitational coupling in equation (2) as
The equation of motion of a particle in MOG is given by
where Γ µ αβ are the Christoffel symbols derived from gµν , and qm = κm = √ αGN m. A derivation of the equation of motion from the MOG field equations and the conservation law ∇ν T µν = 0, where ∇µ is the covariant derivative with respect to the metric gµν , has been obtained by (Roshan 2013) . For massive particles, we have du
This demonstrates that particles in MOG fall freely in a homogeneous gravitational field independent of their composition, so MOG satisfies the weak equivalence principle, but the freely falling particles do not follow geodesic paths. For photons the photon mass mγ = 0 and qγ = κmγ = 0. It follows, that photons move along null geodesics:
where k µ is the photon 4-momentum null vector and k 2 = gµν k µ k ν = 0. Gravitational radiation (gravitons) follows the same null geodesic as given by equation (9) ( Green et al. 2018) .
From the weak field and slow motion approximation, the MOG potential is given by
(10) The acceleration of a test mass particle is given by a( x) = − ∇φ( x). The parameters α and µ are treated as constants in this potential. At small scales | x − x | → 0, the third term in the parenthesis approaches α and the potential becomes the Newtonian potential. At scales | x − x | 1/µ, the MOG potential again becomes the Newtonian potential, but with an enhanced gravitational constant G = GN (1 + α).
For weak gravitational fields, the parameter α can be determined by the emipirical formula:
where α0 and E are constants. For the parameter µ we have
where D is a constant. The constants D and E are given by
We choose α0 = 10, consistent with the best current estimate for the baryonic mass of the Milky Way, M MW b ∼ 1.7 × 10 11 M , which yields α MW = 8.89, the value used in our earlier study of Galaxy rotation curves and clusters (Moffat & Rahvar 2013; Moffat & Rahvar 2014; Moffat & Toth 2015; Zhoolideh Haghighi & Rahvar 2017) .
While the equation of motion in (8) is used for massive particles, the null geodesic equation of motion of photons has been used to study the light deflection due to gravitational lensing. The result is an enhanced deflection of light, which compensates for the existence of dark matter in the galaxies and clusters of galaxies. In what follows, we recalculate the light deflection from the coupling of the electromagnetic field to the vector field φµ and solve the wave equation.
The current density of matter is J µ = κρu µ , which in terms of the energy-momentum tensor of a perfect fluid:
using u µ uµ = −1 can be written as
We extend this definition to a generic matter field and use the subscript M for it. Now T µν (M ) can be associated with both a conventional fluid as well as fields such as the electromagnetic field, and the current density J µ can be coupled to the vector field in the Lagrangian as J µ φµ.
PROPAGATION OF THE ELECTROMAGNETIC FIELD IN MOG
Let us consider the propagation of the electromagnetic field Fµν in MOG in the vicinity of a point-like star. The matter Lagrangian density can be written as
where the first term is the electromagnetic field Lagrangian density and the second term is associated to a point-like star. We have
where Aµ is the four-vector potential of the electromagnetic field. The variation of the Lagrangian density with respect to A µ results in the electromagnetic field energy-momentum tensor:
We introduce the coupling of the electromagnetic current vector J µ EM = −κkν T µν (EM) (in analogy to the perfect fluid) to the vector field, J µ φµ, in the interaction term in equation (3) as
where kν is the four-vector of electromagnetic radiation. We also include the coupling of φµ to the star:
where u µ is the four velocity of the star and T µν (S) is the energymomentum tensor of the star.
We rewrite the action of the electromagnetic field with the coupling to φ µ as follows:
Varying this action with respect to A µ results in the field equation:
We have assumed the weak gravitational field approximation for the propagation of the electromagnetic waves, and we expand the metric around the Minkowski metric ηµν :
For the vector field we have
and we assume in the flat Minkowski space that φ
In what follows, we drop for simplicity the index (1) from the perturbation terms. For a point-like gravitational source with a time-independent static metric, the only non-zero component of φµ is φ0. We rewrite equation (22) and ignore the second order perturbation terms:
On the right-hand side of this equation, we keep only the ordinary derivatives as the connection terms result in second order perturbations, and the Latin letters represent the spatial components. Using the spatial component for ν on the left-hand side of (25) results in the wave equation:
We impose the Lorenz gauge condition ∇µA µ = 0 and for empty space, we omit the third term on the left-hand side of equation (26).
The expression for ∇ µ ∇µA i in terms of partial derivatives with respect to A µ and perturbations of the metric is derived in (Rahvar 2018) as follows:
The second term on the right-hand side is the first order perturbation. However, we can argue that the rest of the perturbation terms are much smaller than this term. All the perturbation terms are multiplications of A µ with the perturbation of the metric. Let us assume the length scale L in the variation of the metric and the field φµ and that λe is the electromagnetic wavelength. Since λe L, we ignore (1/λe)(1/L) and (1/L)
2 terms compared to (1/λe) 2 terms.
Then equation (27) simplifies to
Following this argument for the perturbation terms of equation (26), we keep only the first term on the right-hand side of this equation. Then equation (26) simplifies to
where in terms of the electromagnetic potential Aµ, this equation can be written as follows:
We can simplify the right-hand side of this equation using the Lorenz gauge. Also assuming the first order solution of the wave equation, it follows that as A µ (t) ∝ A µ 0 e iω 0 t . Then, (30) simplifies to
where the effective frequency is Ω 2 = ω 2 0 (1+h 00 +h ii −2κφ 0 ) and k i is the unit vector along A i . One of the features of (31) is that A i is coupled to the A 0 term. In conventional electromagnetism, this kind of coupling term is absent. Because A 0 in the perturbation term is an oscillating function, the final solution has an extra term containing A 0 . The other feature of (31) is that, for light rays far from the lens star, we can neglect φ 0 as this term is exponentially damped, and the result is the same as the standard result of GR with the corresponding terms of the static, spherically symmetric MOG metric.
The static spherically symmetric metric around a star or a galaxy (or a black hole) in MOG is given by (Moffat 2015) :
where φN = GN M/r is the Newtonian potential. For weak gravitational fields, we can determine the value of the constant parameter α from equation (11 The equation (31) has homogenous and non-homogenous parts to its solution. The non-homogenous part is
while the homogenous part of the solution of (31) can be written as
The effective frequency of the electromagnetic wave is given by
The solution of (34) is given by the Kirchhoff integral:
where the boundary of integration S is taken close to the lens and Ωs represents the phase shift or the time delay of the different light rays received by the observer. The overall solution is the combination of the homogenous and non-homogenous solutions, A(x, t) = A h (x, t) + Anon(x, t), where at the location of the observer, far enough from the lens, since φ 0 (x, t) decays exponentially, we can ignore the non-homogenous part of the solution. In what follows, we keep only the homogeneous part of the solution in equation (36).
There is a standard approach in wave optics to derive the lensing equation by considering the interference of the light rays received by the observer at the screen S. We can calculate the geometric limit for λe → 0. Also, the trajectory of light in geometric optics is obtained from Fermat's potential (Schneider et al. 1992; Nakamura& Deguchi 1999 ; Rahvar 2018) . Let us define Fermat's potential as the overall phase of a light ray from the source to the observer. Using equation (35), it follows that
where represents the path for the propagation of light. The Fermat potential, considering the deflection of the light ray can be written as We denote by r = √ b 2 + 2 the distance of the light ray from the source of gravity, where b is the minimum impact parameter of the light ray. We can replace it with b = θD d , then equation (38) simplifies to the following:
where variables with prime are normalized to the length scale of 1/µ. In what follows, our aim is to solve the integral in equation (39) 
where all the angles are normalized to the Einstein angle with the definition of θ
Here the deflection angle is given by α lens = 4GN M/b and this result is in agreement with GR at the solar system scales. We note that for the solar mass lens from equation (11) the value α ∼ 10 −9 , guaranteeing that the MOG prediction for the bending angle for a photon grazing the limb of the Sun is ∆φ = 1.75 in agreement with GR and observations. All other predictions by MOG for the solar system, such as the perihelion advance of Mercury and the Cassini time delay observation will agree with experiment.
(ii) Lensing by a Galaxy: large impact parameter regime with b µ
We now investigate lensing with a larger mass comparable to a galaxy. For simplicity, we take light rays with a large impact pa- rameter compared to 1/µ, then Fermat potential simplifies to 
where χ = µD d θE/2 and for the limit of χθ 1, which is the regime we are considering, the last term of equation (42) approaches zero and we obtain the lensing equation:
where the deflection angle compared to GR is enhanced by the factor (1 + α), which compensates for the existence of dark matter in galaxies and galaxy clusters. This result is in consistent with the solution of the null geodesics equation. In this regime, the impact parameter is smaller than the characteristic size of the mass of the large compact object. For a galaxy with the small impact parameter, the deflection angle is only influenced by the mass contained within the impact parameter distance scale, and hence the effective mass for the lensing would be smaller. For the small impact parameters (39) can be written as follows:
where Hn(x) is the solution of an inhomogeneous Bessel differential equation and Yn(x) is a Bessel function. For the small impact parameters the lens equation becomes:
For both stellar mass and large supermassive black holes the impact parameters of light are much larger than the Schwarzschild radii and we can use (11) and (12) for weak gravitational fields. For a compact structure like an elliptical galaxy with the mass M = 10 9 M , we obtain from (11) and (12) the numerical values α = 3.08, µ = 0.19 kpc −1 and µ −1 = 5.06 kpc. From χ = 1 2 RE/µ −1 and D d = 0.5 Gpc, we obtain χ = 0.02 and we can ignore the right-hand side of (45). The lensing equation in this case is similar to the standard equation, where for our adopted value for the lens mass, the deflection angle is ∆φ = 4GN M/b(1+α/2) 2.5×4GN M/b. This predicts that for large supermassive compact objects the lensing results in a larger deflection angle.This deviation from GR can also be tested for the strong lensing systems where one of the images is close to the position of the lens (inside the Einstein ring) and the other one is outside the Einstein ring.
We can also examine in MOG the gravitational lensing by the central supermassive black hole Sagittarius A* (Ghez 2008). The mass is M 4.1 × 10 6 M . From (11) and (12), the MOG parameters for this system are α = 0.055, µ = 3.09 kpc −1 and µ −1 = 0.32 kpc, and χ ∼ 4 × 10 −5 . These parameters simplify equation (45) 
From this equation, we get a 2.5% deviation of the deflection angle compared to that obtained in GR. This result might be tested with the Event Horizon Telescope or future projects that study the light bending from the supermassive black hole at the center of the Milky Way.
CONCLUSIONS
We have postulated the form of the interaction of a fluid or the classical electromagnetic field Fµν with the gravitational massive vector field φµ in modified gravity (MOG) theory and solved Maxwell's field equations. The solution of the MOG electromagnetic wave equation for a point mass source resulted in a Kirchhoff integral with an effective electromagnetic wave frequency, where in the limit of zero electromagnetic wavelength, we recover the geometric optics limit and the light deflection due to gravitational bending. Our results at the solar system scale are in agreement with GR and for large scale structure the bending angle has an extra factor 1 + α for the bending of light: ∆φ = 4φN (1 + α) for the light rays with the impact parameter larger than 1/µ. This extra bending angle can compensate the effect of dark matter in the ΛCDM model. We also studied lensing by massive compact objects with the impact parameter of the light smaller than 1/µ. This case can happen when we have strong lensing around the bulge of a spiral galaxy or an elliptical galaxy with a small Einstein radius. In this case, the bending angle of light is ∆Φ = 4φN (1 + α/2) with masses in the range of 10 6 − 10 9 M , where the extra factor produces an extra light bending angle.
Finally, we examined the gravitational lensing by a supermassive black hole at the center of a galaxy. Our results show that the bending angle of light in MOG is larger than GR. The observations of the central black hole Sagittarius A* in the Milky Way by the Event Horizon Telescope project or future observations that will identify the images of the lensing and may be used to test MOG.
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